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$\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$ , , 1990 F.Pop
. ,
, \S 1 , ,
, large field
.
1 : Inverse Galois Problem
$K$ Inverse Galois Problem $(\mathrm{I}\mathrm{G}\mathrm{P})_{K}$ , .
$(\mathrm{I}\mathrm{G}\mathrm{P})_{K}$ : $G$ , $\mathrm{G}\mathrm{a}1(L/K)\simeq G$ Galois $L/K$
?
$(\mathrm{I}\mathrm{G}\mathrm{P})_{K}$ , $K$ ( : ) ,
$K$ . , $K$
$\mathrm{Q}$ , .
, $K$ Regular Inverse Galois Problem (RIGP) $K$ ,
.
$(\mathrm{R}\mathrm{I}\mathrm{G}\mathrm{P})_{K}$ : $G$ , $\mathrm{G}\mathrm{a}1(\mathcal{L}/K(T))\simeq G$ Galois
$\mathcal{L}/K(T)$ $\mathcal{L}\cap\overline{K}=K$( $\Leftrightarrow \mathcal{L}/K$:regular) ?
, $K$ . ( ,
$K$ ) , $(\mathrm{I}\mathrm{G}\mathrm{P})_{K}$ $(\mathrm{R}\mathrm{I}\mathrm{G}\mathrm{P})_{K}$
.
Lemma. $K$ :hilbertian , $(\mathrm{R}\mathrm{I}\mathrm{G}\mathrm{P})_{K}\Rightarrow(\mathrm{I}\mathrm{G}\mathrm{P})_{K}$ .
, $\mathrm{h}\mathrm{i}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{n}$ , Hilbert . (
[FJ], [S] ) , $\mathcal{L}/K(T)$ $T=a\in \mathrm{P}^{1}(K)$
$K$ Galois .
Typeset by $A_{\mathcal{M}}S- \mathrm{I}\mathrm{P}\mathrm{c}$
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, Regular Inverse Galois Problem , large field
:
Theorem A (Harbater, Pop). $K:1\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}\Rightarrow(\mathrm{R}\mathrm{I}\mathrm{G}\mathrm{P})_{K}$ : $\mathrm{O}\mathrm{K}$ .
Corollary. $K$ : large, $\mathrm{h}\mathrm{i}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{n}\Rightarrow(\mathrm{I}\mathrm{G}\mathrm{P})_{K}$: $\mathrm{O}\mathrm{K}$ . $\square$
, Theorem A – , PoP, Haran, Jarden, Colliot-Th\’el\‘ene, ...
$([\mathrm{P}2],[\mathrm{H}\mathrm{J}1,2],[\mathrm{c}- \mathrm{T}],\ldots)$ .
, (Regular) Inverse Galois Problem , ,
.
2 : Shafarevich Conjecture
Shafarevich $(\mathrm{S}\mathrm{C})$ ,
$(\mathrm{S}\mathrm{C}):\mathrm{G}\mathrm{a}1(\mathrm{Q}^{\mathrm{a}\mathrm{b}})\simeq\hat{F}_{\omega}$ ? , $\mathrm{G}\mathrm{a}1(\mathrm{Q}^{\mathrm{a}\mathrm{b}})$ profinite ?
. ( , $\mathrm{G}\mathrm{a}1(K)$ $K$ Galois $\mathrm{G}\mathrm{a}1(K^{\mathrm{S}\mathrm{e}_{\mathrm{P}}}/K)$
)
large field , $(\mathrm{S}\mathrm{C})$ :
Theorem $\mathrm{B}$ (Pop).
$K$ :large, hilbertian, $\mathrm{c}\mathrm{d}(K)\leq 1,$ $\#(K)=\omega\Rightarrow \mathrm{G}\mathrm{a}1(K)\simeq\hat{F}_{\omega}$ .
, $\mathrm{Q}^{\mathrm{a}\mathrm{b}}$ large , $(\mathrm{S}\mathrm{C})$ .
( , $\mathrm{c}\mathrm{d}(K)$ $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}$ $\mathrm{G}\mathrm{a}1(K)$ . $\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$
$\mathrm{Q}^{\mathrm{a}\mathrm{b}}$ )
, \S 1 large field , \S 2 Pop [P2] (Theorem A
– Theorem B), \S 3 Colliot-Th\’el\‘ene [C-T] (Theorem A
– ) .
\S 1. Definition and examples of large fields.
$K$ . $K$ geometrically integral, separated, of finite
tyPe scheme $K$ , $K$ 1 $K$
.
Definition. $K$ : large $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ .
(I) $K$ smooth $V$ , $V(K)\neq\emptyset\Rightarrow V(K):V$ Zariski dense.
(I) $K$ smooth $V$ , $V(K)\neq\emptyset\Rightarrow V(K):V$ Zariski dense.
(II) $K$ Laurent $K((t))$ existentially closed. , $K$
$V$ , $V(K((t)))\neq\emptyset\Rightarrow V(K)\neq\emptyset$ .
[ : (I) $\Rightarrow$ (I) . (I) $\Rightarrow$ (I) ,
( ) . (II) $\Rightarrow$ (I) , ,
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. (I) $\Rightarrow$ (II) , , henselization
$K(t)^{h}$ . ]
Remark. $\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$ ample, AMPLE ( $=$ Automatique Multiplication des
Points Lisses Existants), $\text{\’{e}} \mathrm{p}\mathrm{a}\mathrm{i}_{\mathrm{S}}$ , fertile .
Lemma.( !)
$K$ :large, $K’/K$ : $\Rightarrow K’$ : large.
Proof. , Weil restriction .
, .
$0$ . large .
1. ( - ) $\Rightarrow \mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$ .
2. ( ) (archimedean or non-archimedean) $\Rightarrow \mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$ .
- , henselian $\Rightarrow \mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$ .
3. PAC (pseudo algebraically $\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{d}$ ) $\Rightarrow \mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$ .
Definition. $K$ : PAC
$\Leftrightarrow^{1}\mathrm{u}\mathrm{c}K$ $V(\neq\emptyset)$ , $V(K)\neq\emptyset$
$\Leftrightarrow K$ $V$ , $V(K):V$ Zariski dense.
, $\mathrm{F}_{p}$ , PAC large.
$3’$ . PRC (pseudo real closed), $\mathrm{P}p\mathrm{C}$ (pseudo $p$-adically closed) $\Rightarrow \mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$ .
( . [P2] .)
4. $k$ , $S$ $k$ ,
$k^{S^{\mathrm{d}\mathrm{e}\mathrm{f}}}=\{a\in\overline{k}|\forall v\in S, \forall\iota : \overline{k}\llcorner_{arrow\overline{k}_{v},(a) ,k}b\in k_{v}\}$
large. , $\mathrm{Q}^{\mathrm{t}\mathrm{r}}(k=\mathrm{Q}, S=\{\infty\}),$ $\mathrm{Q}^{\mathrm{t}p}(k=\mathrm{Q}, S=\{p\})$ large.
Open Problem.
$\mathrm{Q}^{\mathrm{a}\mathrm{b}}$ large ? $\mathrm{Q}^{\mathrm{s}\mathrm{o}1}$ large ? $\mathrm{Q}^{\mathrm{s}\mathrm{o}1}$ PAC ?
Remark. G.Frey , $\mathrm{Q}^{\mathrm{a}\mathrm{b}}$ PAC .
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\S 2. Pop’s work $([\mathrm{P}2])$ .
\S , F.Pop .
Theorem (Pop).
$K$ : large , $K(T)$ finite, split, constant embedding problem
proper, regular solution . , $N,$ $G,$ $H$ ,
Gal(K)
$\downarrow$




1 $arrow$ $\mathrm{G}\mathrm{a}1(K^{\mathrm{s}\mathrm{e}}\mathrm{p}(T))$ $arrow$ $\mathrm{G}\mathrm{a}1(K(T))$ $arrow$ $\mathrm{G}\mathrm{a}1(K)$ $arrow$ 1
$\downarrow$ $\downarrow$ $\downarrow$




$\text{ }\#_{\sim}arrow(H=\{1\})$ , Theorem $\mathrm{A}:\mathrm{O}\mathrm{K}$ .
, .
Corollary 1.
$K$ : large, hilbertian , $K$ finite, split embedding problem
proper solution . , $(*)$ , ,
$\mathrm{G}\mathrm{a}1(K)$ $=$ $\mathrm{G}\mathrm{a}1(K)$
$\downarrow$ $\downarrow$




Proof. Theorem $\mathrm{G}\mathrm{a}1(K(T))arrow G$ $K(T)$ G- , hilbertian ProP-
erty , $T=a\in \mathrm{P}^{1}(K)$ .
Corollary 2. Theorem $\mathrm{B}:\mathrm{O}\mathrm{K}$ .
Proof. Corollary 1 .
, Pop $(H=\{1\})$ Theorem A
. ( ) large field (II) .
$K(T)$ G- , $\mathrm{P}_{K}^{1}$ G- .
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Step 1. $G$ . Kummer Artin-Schreier
G- .
Step 2. $G=\langle C_{i}\rangle_{i=1,\ldots,r}$ , Ci: , . $K((t))$ , Ci-
rigid analytic geometry G- .
, disjoint rigid analytic discs $D_{1},$ $\ldots$ , $D_{r}\subset \mathrm{P}_{K((t))}^{1}$ , Step 1
, $i$ $D_{i}$ Ci- $E_{i}$ . ( ,
, $D_{i}$ $E_{i}$ .) , $D_{i}$
induced G- $\mathrm{I}\mathrm{n}\mathrm{d}^{G}c_{i}Ei(i=1, \ldots, r)$ , $\mathrm{P}^{1}-\bigcup_{i=1}^{r}D^{\circ}i$ G-
, $\mathrm{P}_{K((t))}^{1}$ G- . (GAGA , )
Step 3. Step 2 $K((t))$ , $K$-subalgebra $A\subset$
$K((t))$ model . large field (II) $V=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{C}(A)$
K- , , $K$ , P G-
.
\S 3. Colliot-Th\’el\‘ene’s work $([\mathrm{C}-\mathrm{T}])$ .
\S , J.-L.Colliot-Th\’el\‘ene .
Theorem (Colliot-Th\’el\‘ene).
$K$ $0$ large field, $G$ . , (
)G-Galois $L/K$ , ( )G-Galois $\mathcal{L}/K(T)$ ,
: (i) $\mathcal{L}/K$ regular ( , $\mathcal{L}\cap\overline{K}=K$ ) $;(\mathrm{i}\mathrm{i})a_{0}\in \mathrm{P}^{1}(K)$ ,
$\mathcal{L}/K(T)$ $T=a_{0}$ $\mathcal{L}$
,
$T=a_{0}$ $\mathcal{L}|_{T=a0}$ $K$ G-
$L$ .
( $L$ G- $\prod K$ ), Theorem $\mathrm{A}:\mathrm{O}\mathrm{K}$ .
$\sigma\in G$
Theorem A , $K(T)$ G- , Colliot-
Th\’el\‘ene , 1 $T=a_{0}$ fiber G-
.
Remark. (i) Colliot-Th\’el\‘ene , Moret-Bailly ,
, $K$ , $K(T)$ – , $G$ $K$ finite,
\’etale scheme, ,
. ( , ( )
.)
(ii) Colliot-Th\’el\‘ene , 1 G- , $-$
, 2 G- , Colliot-
Th\’el\‘ene . , $0$ large field $K$ , $G$ ,
$G$-Galois $L_{0},$ $L_{1}/K$ , $G$-Galois $\mathcal{L}/K(T)$ , 2
$T=a_{0},$ $a_{1}\in \mathrm{P}^{1}(K)$ $\mathcal{L}|\tau=aiK\simeq L_{i}$ .(
, $K=\mathrm{Q}_{2},$ $G=\mathrm{Z}/8\mathrm{Z},$ $L_{0}$ : G- , $L_{1}$ : ( ) G-
.)
$-$ , $K$ large $\langle$ PAC , – .
, G- $\mathcal{L}/K(T)$ $\mathcal{L}\cap\overline{K}=K$ (Theorem A
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$-$ ) , G- $L/K$ , $a\in \mathrm{P}^{1}(K)$ ,
$\mathcal{L}/K(T)$ $T=a$ $\mathcal{L}|_{T=a}\simeq KL$ (Fried,
V\"olklein, D\‘ebes).
, Colliot-Th\’el\‘ene . large field (I)
.
Step 1. Noether . $K$ smooth finite, \’etale G- $Varrow U$
, $V$ ( , $K(V)$ $K$ ) , versal
property : $K$ $K’$ G- $L’/K’$
, $P\in U(K’)$ $V|_{P}K\simeq,$ $L’$ . ( $Garrow GL_{N}(K)$ ,
$\mathrm{A}_{K}^{N}arrow G\backslash \mathrm{A}_{K}^{N}$ locus $Varrow U$ ) $X$ $U$
smooth ( resolution).
$Varrow U$ versal property , , $L/K$ $P\in U(K)$
. , 2 K- $\varphi$ : $\mathrm{P}_{K}^{1}arrow X$ : (i)
$\varphi(0)=P;(\mathrm{i}\mathrm{i})V|_{\varphi_{\overline{K}}}$ : .
Step 2. Kolla’r- - ( $K=\overline{K}$ The-
orem A) , 3 $\overline{K}-$ -f : $\mathrm{P}\frac{1}{K}arrow X_{\overline{K}}$
:(o) $\overline{f}^{*}(Tx_{\overline{K}})$ ample; (i) $\overline{f}(0)=P;(\mathrm{i}\mathrm{i})V|_{\overline{f}}$: .
Step 3. $\overline{f}$ : $\mathrm{P}\frac{1}{K}arrow X_{\overline{K}}$ , $K’/K$ $f_{K’}$ : $\mathrm{P}_{K}^{1}$ , $arrow X_{K’}$
descent . ( $K’=K$ , )
$f_{K’}$ projection $X_{K’}arrow X$ $f’$ : $\mathrm{P}_{K}^{1},$ $arrow X$ .
, $\mathrm{P}_{K}^{1}$ , $\alpha$ : $\mathrm{S}_{\mathrm{P}^{\mathrm{e}\mathrm{C}}}(K’)arrow \mathrm{P}_{K}^{1}$ . ( $K’/K$
$\alpha$ )
$\mathrm{P}_{K}^{1}$ , subscheme $\{\infty\}\simeq \mathrm{S}_{\mathrm{P}^{\mathrm{e}\mathrm{C}}}(K’)$ $\mathrm{P}_{K}^{1}$ subscheme ${\rm Im}(\alpha)\simeq \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(K’)$
– $\mathrm{P}_{K}^{1}$ , $\mathrm{P}_{K}^{1}$ $K$-scheme $Y_{0}$ . $(Y_{0}$
comb . $(Y_{0})_{\mathrm{N}}$ ) $\mathrm{P}_{K}^{1}$ , $f’,$ $\mathrm{P}_{K}^{1}$
$P$ , well-defined K- $f\mathrm{o}$ : $Y_{0}arrow X$ .
, $\mathrm{P}_{K}^{1}$ K- $0$ $0\in Y_{0}$ , $f_{0}(0)=P$ .
Step 4. $fo$ : $Y_{0}arrow X,$ $f\mathrm{o}(\mathrm{O})=P$ smoothing , $\varphi$ : $\mathrm{P}_{K}^{1}arrow X,$ $\varphi(0)=P$
. Step 2 (o) , $f\mathrm{o}$ M( $\mathrm{H}\mathrm{o}\mathrm{m}$-scheme
) , [$f_{0}|\in M(K)$ smooth . , $[f_{0}]$
$M$ $M_{0}$ , large field (I) , $M_{0}(K)$ $M_{0}$
Zariski dense , $[\varphi]\in M_{0}(K)$ .
(Step 3, 4 , [K] )
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